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Abstract. Let G be a real reductive group and Z = G/H a 
unimodular homogeneous G space. The space Z is said to satisfy 
VAI if all smooth vectors in the Banach representations L P {Z) 
vanish at infinity, 1 < p < oo. For H connected we show that Z 
satisfies VAI if and only if it is of reductive type. 
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1. Introduction 

In many applications of harmonic analysis of Lie groups it is impor- 
tant to study the decay of functions on the group. For example for 
a simple Lie group G, the fundamental discovery of Howe and Moore 
([8], Thm. 5.1), that the matrix coefficients of non-trivial irreducible 
unitary representations vanish at infinity, is often seen to play an im- 
portant role. In a more general context it is of interest to study matrix 
coefficients formed by a smooth vector and a distribution vector. If 
the distribution vector is fixed by some closed subgroup H of G, these 
generalized matrix coefficients will be smooth functions on the quo- 
tient manifold G/H. This leads to the question which is studied in the 
present paper, the decay of smooth functions on homogeneous spaces. 
More precisely, we are concerned with the decay of smooth L p -functions 
on G/H. 

Let G be a real Lie group and H C G a closed subgroup. Consider 
the homogenous space Z = G/H and assume that it is unimodular, 
that is, it carries a G-invariant measure \iz- Note that such a measure 
is unique up to a scalar multiple. 

For a Banach representation (tt, E) of G we denote by E°° the space 
of smooth vectors. In the special case of the left regular representation 
of G on E = L P (Z) with 1 < p < oo, it follows from the local Sobolev 
lemma that E°° is the space of smooth functions on Z, all of whose 
derivatives belong to L P (Z) (see [13], Thm. 5.1). Let Cq°(Z) be the 
space of smooth functions on Z that vanish at infinity. Motivated by 
the decay of eigenf unctions on symmetric spaces ([15]). the following 
definition was taken in [TO] : 

Definition 1.1. We say Z has the property VAI (vanishing at infinity) 
if for all 1 < p < oo we have 

L P {Z)°° C C °°(Z). 

By a result of [13], Z = G has the VAI property for G unimodular 
and H = {1}. The main result of [10] establishes that all reductive 
symmetric spaces admit VAI. On the other hand, it is easy to find 
examples of homogeneous spaces without this property. For example, 
it is clear that a non-compact homogeneous space with finite volume 
cannot have VAI. 

Definition 1.2. Let G be a real reductive group. We say that H is a 
reductive subgroup and that Z is of reductive type (or just reductive), 
if H is real reductive and the adjoint representation of H in the Lie 
algebra g of G is completely reducible. 
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Note that Z is unimodular in that case. The main result of this 
article is as follows. 

Theorem 1.3. Let G be a connected real reductive group and H C G 
a closed connected subgroup such that Z = G/H is unimodular. Then 
VAI holds for Z if and only if it is of reductive type. 

The direction 'if is proved in Proposition 14.11 If Z is of reductive 
type and B C G is a compact ball we provide essentially sharp lower 
and upper bounds for the volume vdlz(Bz) with respect to fiz, where 
z G Z moves off to infinity (Section I3.2j) . These results generalize 
and simplify previous approaches in [11] and [9]. The lower bounds in 
particular imply that Z has VAI. 

The converse implication is established in Proposition 15. II The main 
lemma shows that in the non-reductive case the volume of the above 
mentioned sets Bz can be made exponentially small. 

2. The invariant measure 

In this section we provide a suitable framework for a discussion of the 
invariant measure on Z. Throughout G is a connected real reductive 
group and H C G is a closed connected subgroup such that Z := G/H 
is unimodular. 

Let g be the Lie algebra of G. We fix a Cartan involution 9 of G. 
The derived involution g — > g will also be called 9. The fixed point 
set of 9 determines a maximal compact subgroup K of G whose Lie 
algebra will be denoted t. Let p denote the — 1-eigenspace of 9 on g, 
then g = 6 ©p. Let k be a non-degenerate invariant symmetric bilinear 
form on g such that 

k\ p > 0, K,\t < 0, t _L p. 

Having chosen n we define an inner product on g by 

(X,Y) = -k(6(X),Y). 

We denote by f) the Lie algebra of H and by q be its orthogonal com- 
plement in g. 

Remark 2.1. Let Z be of reductive type. In this case the Cartan in- 
volution will be chosen such that it preserves H (see [7] Exercise VI A8 
or [12] Thm. 12.1.4). It follows easily that then [fj,q] C q. Moreover 
one has [q, q] C fj if and only if the pair (g, t)) is symmetric, that is, if 
and only if 

f) = {X e g | a{X) = X} 
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for an involution a of g. Then 

q = {X e g | a{X) = -X}. 

2.1. Construction of the invariant measure. The differential geo- 
metric way to obtain an invariant measure on Z is by defining an 
invariant differential form of top degree. Let us briefly recall this con- 
struction. 

For every g G G we denote by 

T g : Z — > Z, xH i — y gxH 

the diffeomorphic left displacement by g on Z. Let zq = H G Z be the 
base point. Given g G G we shall identify the tangent space T gZQ Z of 
Z at the point gzo with g/f) via the map 

(2.1) g/t)^T gZ0 Z, X + t)^dr g (z )X. 

Let us emphasize that if gz^ = g'zo, then g = g'h for some h G H 
and the two identifications differ by the automorphism Ad(/i)| fl /f,. The 
assumption that an invariant measure exists on Z implies that the 
determinant of this automorphism is 1. 

Let Yi, Y s be a basis of g/fj and ...,a> s the corresponding dual 
basis in (g/h)* C g*. We define the if- invariant volume form on g/f) 
by 

s 

w = UiAw 2 A...Aw s e ■ 

As w is Ad(ii)-invariant we can extend wtoa G- invariant volume form 
ujz on Z. The measure fiz corresponding to uz is then a Haar measure 
on Z. 

3. Reductive Spaces 

In this section Z = G/H is of reductive type. Our goal is to establish 
uniform bounds for the invariant measure and deduce VAI for these 
spaces. As Z is of reductive type we can and will identify g/f) with q 
in an if-equivariant way (see Remark |2.ip . Note that q is ^-stable and 
in particular q = qfl^ + qflp. We denote by pr q : g — > q the orthogonal 
projection. 

The characterization of infinity on Z is obtained by the polar de- 
composition which asserts that the polar map 



(3.1) Ti : K x HnK (qnp) -> Z, [k,Y] ^ kexp(Y)z 
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is a homeomorphism (see p2] or [2], p. 74). Then a function / G C(Z) 
vanishes at infinity if and only if 

lim sup \f(ir(k,Y))\ = 0. 

reqnp Kfcft 

3.1. Local coordinates. The objective of this subsection is to provide 
some useful local coordinates on Z and to give a uniform estimate of 
the invariant measure in terms of these local coordinates. 

Let U R = {X G Q : < R} for R > and Ur a = U R n q. Note 
that when i? is sufficiently small then exp \u R is diffeomorphic onto its 
image in G. We define for all R > a 'ball' in G by Br jS = exp (£/#). 
Likewise we define Br a = exp(UR A ) C G. 

Let g G G and define a map g by 

9 : £^?, q ->■ Z, Y h-> exp(y)o2 . 

Observe that 

vol^-B^zo) > vol z ( J B /?iq 5(2o) = / </>*a; z 

with the last equality holding if <p g is diffeomorphic onto its image. 

We will now show that <p g is a coordinate chart with a Jacobian 
uniformly bounded from below provided g = exp(X) with X G p PI q 
sufficiently large. We shall identify T cxp (y) gzo Z with q as in (12. ip . A 
standard computation yields for all Y G U^r\ 

f /1_ e -adY 

(3.2) #,M^Pr,(Adfe-')(^5^X 

q — ► T cxp (Y) gzo Z = q 
For y G U^r we shall denote by 

J g (Y) = \det dtf>g(Y)\ 

the Jacobian of <p g at y. 

Lemma 3.1. There exists a neighborhood U C q of and constants 
C, d > swc/i £/ia£ 

(3.3) ^ex P (x)(y) > d 

/or allX 6 pflq wii/i ||X|| > C, and all Y G £/. In particular, the map 

cxp x :U Z 
is then diffeomorphic onto its image. 
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Proof. We may assume that the basis Y±, . . . , Y s of is an orthonor- 
mal basis of q. It then follows from (13.21) that 

(3.4) J expX (Y) = | det (V adX o H—JL^ J Y^^^j \. 
Since 6(X) = —X we can rewrite the matrix elements in (13. 4p as 

(3.5) ( (__)K„e— y,>. 

Observe that ad AT is real semisimple and let V\, . . . , V n be an ortho nor- 
mal basis for g of eigenvectors, with corresponding real eigenvalues 
Ai, A n . Let 



1 - e 



-ady 



kk = ( ^ — — j^T — J Yi, V k ) , c kj = (Vfc, Y,), 

then (I3.5P equals Y^k=\bikCkj^~ Xk ■ The determinant in (13 .4p is a sum 
of products of such expressions. 

We replace X by tX for tsM and set 

v (t)= Px . y (t) := det ((( ^y^ ) ^e-*^)^^ . 

Then it follows from the reasoning above that p is a linear combination 
of exponential functions e~ xt with exponents A e I which are sums 
of eigenvalues —\ k - We observe that the exponents depend on X in a 
way which can be arranged to be locally uniform, and likewise for the 
dependence of the coefficients on X and Y. 

For Y = we have px,o(~ t) = Px,o(t) f° r ai l t and all X, since 
9(X) = —X and q is ^-invariant. Thus e xt and e~ xt will occur with 
the same coefficients in the expansion of px,o- If we denote by Xx the 
maximal exponent A such that e xt occurs in px,o{t) with a non-zero 
coefficient, then we conclude that Ax > 0. By compactness and local 
uniformity it follows that there exists a compact neighborhood U C q 
of such that e Xxt occurs in the expansion of Px,yif) with non-zero 
coefficient for all Y £ U and any unit vector X £ p n q. 

In the expansion of p(t) the term with maximal exponent A will 
dominate the others when t — > oo. As we have just seen, this maximal 
exponent is > for all V £ U and all X. Hence there exist constants 
C, d > such that \p(t) \ > d for t > C. Again by compactness, 
these constants can be chosen independently of Y £ U and X with 
11X11 = 1. □ 
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In general, the constant lower bound ( 13. 3ft is sharp. However, in 
many cases one can improve to an exponential lower bound. A par- 
ticularly simple case is obtained when (g, h) is a symmetric pair. Let 
pr s : q — > q PI [g, g] denote the orthogonal projection of q to its semi- 
simple part, and let X s = pr s (X) for X G q. 

Lemma 3.2. Assume G/H is a symmetric space. Then there exists a 
neighborhood U C q of and constants C,d,8 > such that 

for all X G p R q with \\X\\ > C, and all Y eU. 

Proof. We denote by a the involution of g associated with [) (see Re- 
mark EJ]). Let a be a maximal abelian subspace of p containing X and 
let E be the associated system of restricted roots. Root spaces in g are 
denoted g a , where a G E. Let 

5 X = Yl «w 

ae£,a(X)>0 

(roots counted with multiplicities), then 5x is independent of the choice 
of subspace a, and 5x > <5||^|| f° r some constant 5 > 0, independent 
of X. We claim that there exist U, C and d as above such that 

(3.6) Je M x)(Y) > de Sx 

for all Y G [/ and ||X|| > C. Obviously this will imply the lemma. 

Notice that the ad X-eigenspace for the eigenvalue A G R is given by 
g\ = ®aaY,,a(x)=\g a ■ Note also that V G g\ implies cr(V) G g^ A , since 
a(X) = -X. 

We follow the proof of Lemma 13.11 It suffices to prove that if Ax is 
the maximal exponent in this proof then Xxt = 5 t x for t > 0. It follows 
from the preceding paragraph that we can choose the orthonormal ba- 
sis (Vjfc)i n for g such that basis vectors with non-zero eigenvalues ±A 
for a,dX are mutually paired by a, and that each root with a(X) > is 
represented by such pairs according to its multiplicity. The orthonor- 
mal basis (Yj)i,...,.s for q can then be chosen to consist of normalized 
multiples of the Vk — o~(Vk) for each such pair, and additional vectors 
commuting with X. An elementary computation now shows that 

Px,o(t) = n QeSiQ(x)>0 cosh(a(tX)), 



from which the expression for the maximal exponent follows. 



□ 
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3.2. Volume bounds. We record the following corollaries. 

Corollary 3.3. There exist a neighborhood U C q of and constants 
C,d > such that the following holds for all X £ q Hp with \\X\\ > C: 
For each R > with U Rq C U , 

vo\ z (B RiC{ exp(X)z ) > dvo\ q (U R:q ). 

When G/H is symmetric, the lower volume bound can be improved 
to de 5 ^ Xa ^ vol q (L r R i q) with 5 > independent of X and R. 

Remark 3.4. The proof of Lemma 13.11 also provides the following 
upper volume bound. There exist constants D, X > such that 

vo\ z (B R ^ex P (X)z ) < De x ^vo\ q (U R>tl ) 

for all X £ q D p. See [H] for such a bound in the literature. 

Corollary 3.5. There exist constants C, d, Rq > such that 

vol z (B RtS z) > dR dim « 

for all R < R and all z = kexp(X)z £ Z with k £ K, X £pfiq and 
\\X\\ > C . Furthermore, in the symmetric case we have 

yo\ z {B R}S z) > de s ^R dim< > 
with 5 > independent of R and z. 

Remark 3.6. For fixed R > and G, H semisimple it was shown in 
[TT] that there exists a constant c > such that 

vol z (B RiS z) > c 

for all z £ Z. Corollary 13.51 sharpens this bound. 

In the case of Z a semisimple symmetric space, the wave front lemma, 
Theorem 3.1, of [6], shows that for each R > there exists an open 
neighberhood V of zq such that B R ^z contains a G-translate of V, for 
all z £ Z. This of course also implies that vo\ z (B Rt3 z) is bounded 
below. 

4. Reductive Spaces are VAI 

Proposition 4.1. Let Z be a homogeneous space of reductive type. 
Then 

L P (Z)°° c C °°(Z) 

for each 1 < p < oo, with continuous inclusion map. In particular, Z 
has the property VAI. 
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Proof. By applying the Sobolev inequality in local coordinates, we ob- 
tain the following for 1 < p < oo and for each compact neighborhood 
B of e in G (see [13] Lemma 5.1 for details). There exist finitely many 
elements Vi G U(g) (of degree up to the smallest integer > dimZ/p) in 
the enveloping algebra of g, and for each z G Z a constant D > such 
that 

(4-1) \f( z )\ < Dm&x \\{L V J) l B z\\p 

for all / G L P (Z)°°. Here 1b z denotes the characteristic function of 
Bz C Z. The constant D is locally uniform with respect to z. 

Based on Lemma f3.lt we can improve the local estimate (14. ip . such 
that for G/H of reductive type it holds with D independent of z. Let 
U C q and C, d > be as in Lemma 13. H and fix R > such that 
E/ftn C £7. It follows that 

(4-2) ||(/o 

0expx)lf/ fli£ , ||p l-Bfl.t, cxp(X)2 lip 

for / G L P (Z) and X G pHq with ||X|| > C. By the Sobolev inequality 
for ]R dimq , the value \f o ex px(O)| is estimated above by the p-norms, 
over any neighborhood of 0, of the derivatives of / o ex px- Hence if 
/ G L P (Z)°° and ||X|| > C, we obtain an upper bound 

\f(exp(X)z )\ < Dmax \\(L v f) l BRiqeX p(x)z \\p 

with derivatives as before by finitely many elements in U(g), and with 
a constant D independent of / and X. After conjugation by k G K we 
conclude that (14.11) holds at z — kexp(X)zo, with B = Br, q and with a 
uniform constant D. As the set of elements k exp(X)zo with ||X|| < C 
is compact, the inequality is finally obtained for all z G Z . 

The proposition is a straightforward consequence of the uniform ver- 
sion of (HI]). □ 

For G/H symmetric we obtain a stronger decay on the semisimple 
part of G by replacing the use of Lemma 13.11 by Lemma 13.21 in the 
estimate (14. 2p . while following the preceding proof: 

Proposition 4.2. Let Z = G/H be symmetric. There exists a constant 
5 > with the following property. Let f G L P (Z)°° where 1 < p < oo. 
Then for each e > there exists C > such that 

\f(kexp(X)z )\<ee~ 8 ^ 

for all z = kexp(X)zo, where X G p D q, \\X\\ > C and k G K. 
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5. Non-reductive spaces are not VAI 

In this section we prove that VAI does not hold on any homogeneous 
space Z = G/H of G, which is not of reductive type. We maintain the 
assumption that G is a connected real reductive group and establish 
the following result. 

Proposition 5.1. Assume that H C G is a closed connected subgroup 
such that Z = G/H is unimodular and not of reductive type. Then for 
all 1 < p < oo there exists an unbounded function f £ L P (Z)°°. In 
particular, VAI does not hold. 

The idea is to show that there is a compact ball B C G and a 
sequence (g n )n£N such that 

• Bg n zo n Bg m zo = for n ^ m. 

• vo\ z (Bg n z ) < e~ n for all n £ N. 

Out of these data it is straightforward to construct a smooth LP- 
function which does not vanish at infinity. 

Before we give a general proof we first discuss the case of unipotent 
subgroups. The argument in the general case, although more technical, 
will be modeled after that. 

5.1. Unipotent subgroups. Let H = N be a unipotent subgroup, 
that is, n := f) is an ad-nilpotent subalgebra of [g, g]. Now, the situation 
where n is normalized by a particular semi-simple element is fairly 
straightforward and we shall begin with a discussion of that case. 

If X £ g is a real semi-simple element, i.e., adX is semi-simple 
with real spectrum, then we denote by g % C Q its eigenspace for the 
eigenvalue A £ R, and by the sum of these eigenspaces for A posi- 
tive/negative. We record the triangular decomposition 

Here $ S (X) =: q° x is the centralizer of X in g. 

Lemma 5.2. Assume that n is normalized by a non-zero real semisim- 
ple element X £ g such that n C gj^. Set a t := exp(tX) for all t £ R. 
Let B C G be a compact ball around 1. Then there exists c > and 
7 > such that 

vol z (Ba t z ) = c- e* 7 (t £ R) 

Proof. Let A = expRX and note that A normalizes N. Thus for all 
a £ A the prescription 

fiz t a(Bz ) := fiz(Bazo) (BcG measurable) 
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defines a G-invariant measure on Z. By the uniqueness of the Haar 
measure we obtain that 

where J : A -> Rq is the group homomorphism J(a) — det Ad(a)| n . 
The assertion follows. □ 

Having obtained this volume bound we can proceed as follows. Let 
us denote by Xk the characteristic function of £>a_fcZ C Z. We claim 
that the non-negative function 

(5-1) x -=^2kxk 

fceN 

lies in D>{G/H). In fact 

\\x\\p<Y. k \\^\\p^ c Y, ke ^ k,v ■ 

fceN fcgN 
Finally we have to smoothen x' F° r that let (ft G C C (G)°° with (ft > 0, 
J G (ft = 1 and supp (ft C B. Then x := (ft * x £ L P (Z)°° with x(a_fcZ ) — 
fc. Hence x is unbounded. 

In general, given a unipotent subalgebra n, there does not necessarily 
exist a semisimple element which normalizes n. For example if U G g = 
sl(5, C) is a principal nilpotent element, then n = span{?7, U 2 + U 3 } is 
a 2-dimensional abelian unipotent subalgebra which is not normalized 
by any semi- simple element of g. The next lemma offers a remedy out 
of this situation by finding an ideal rii < n which is normalized by a 
real semisimple element X with n C g x + g^ . 

Lemma 5.3. Let n C [g, g] be an a,d-nilpotent subalgebra and let 7^ 
U G 3(11) . Then there exists a real semi-simple element X G such 
that [X, U] = 2U and n C g£ + g^. 

Proof. According to the Jacobson-Morozov theorem one finds elements 
X, V G g such that {X, U, V} form an s^-triple, i.e. satisfy the com- 
mutator relations [X, U] = 2U, [X, V] = -2V, [U, V] = X. Note that 
n C $ g (U) and that 2 g (U) is adX-stable. It is known and in fact easy 
to see that i a (U) <Z g\ + g° x . All assertions follow. □ 

Within the notation of Lemma l5.3l we set ni = WJ and N\ = exp(tii). 
Furthermore we set Z\ — G/Ni and consider the contractive averaging 
map 

L\Z X ) -> L\Z), f ^ /; f{gN) = [ fignN,) d{nN x ). 

JN/Ni 
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Let B C G be a compact ball around 1, of sufficiently large size to be 
determined later, and let B\ — B ■ B C G. Let \ be the function on 
Z\ constructed as in (15 .ip , using the element X from Lemma 15.31 and 
the compact set B\. Let £ L l (Z) be the average of x- We claim 
that x{Ba-kZo) > A; for all k. In fact let Q C N/N± be a compact 
neighborhood of 1 in N/N\ with vo1jv/jvi(Q) = 1- Then for B large 
enough we have a^kQ^k C 5 for all (Lemma 15.31) . Hence for b £ 5, 



with /p(Sa_fc^o) > f° r & h Finally we smoothen / p as before and 
conclude that VAI does not hold true. 

5.2. The general case of a non-reductive unimodular space. 

Finally we shall prove Proposition 15. II in the general situation where H 
is a closed and connected subgroup for which Z = G/H is unimodular 
and not of reductive type. 

We fix a Levi-decomposition f) = x X s of f). As in Section [2] we fix 
a Cartan involution 9 of g, and by Remark 12.11 we may assume that it 
restricts to a Cartan involution of s. 

Proof of Proposition \5.1\ 

We will argue by induction on dimg, the base of the induction being 
clear. We will perform a number of reduction steps (which may involve 
the induction hypothesis) that will lead us to a simplified situation 
which is described in Step 9 of the proof. 

Step 1: [) is not contained in any reductive proper subalgebra of q. 

Indeed, otherwise f) is contained in a proper subalgebra () of q, which 
is reductive in q. Then f) is not reductive in f) ([1], §6.6 Cor. 2). By 
induction H/H is not VAI, in the strong sense that for every 1 < p < oo 
there exists an unbounded function / £ L P (H/H)°°. We claim that 
G/H is not VAI in the same strong sense. Let q C Q be the orthogonal 
complement to f) in g. Then for a small neighborhood V C cj of the 
tubular map 



is diffeo morphia The Haar measure on G is expressed by J(X)dXdh 
with J > a bounded positive function. Since H normalizes q, this 
allows us to extend smooth L p -functions from H/H to G/H and we 
see that G/H is not VAI in the strict sense. Hence we may assume as 
stated in Step 1. 




VxH^G, (X,h)^ exp(X)h 
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Step 2: f) is contained in a maximal parabolic subalgebra po- 
Indeed, by the characterization of maximal subalgebras of g (see [5], 
Ch. 8, §10, Cor. 1), a maximal subalgebra is either a maximal parabolic 
subalgebra or it is a maximal reductive subalgebra. Hence it follows 
from Step 1 that f) is contained in a maximal parabolic subalgebra po- 

Step 3: s C to, the Levi part of po 

We write po = no x lo where no is the unipotent radical of po- Note 
that lo is reductive in g and hence f) is not contained in lo. In addition 
we may assume that s C lo ([I] §6.8 Cor. 1). 

Step 4-' 3 (to) is n °t contained in f) 

Since G/H is unimodular, | det Ad(/i)|(,| = 1 for h G H . If in addition 
h G Z(lo), then h centralizes s and it follows that | det Ad(/i)| v | = 1. 
Hence 3 (Co) D I) centralizes r as well. If 3 ( lo) would be contained in h, 
and since lo is the centralizer of its center, then this would force f) C lo, 
contradicting Step 1. 

Step 5: Decomposition p = li © (f) + n ). 
Indeed, define the subspace li C lo by 

where pr [o : p — > lo is the projection along no- Then li © (f) + rio) = po- 
Step 6: The case p = li © I) © n . 

In this case f) fl no = {0} and thus the projection pr (() |(, : f) — )■ l , 
which is a Lie-algebra homomorphism, is injective. Write f)o for the 
homomorphic image of I) in lo. The analysis will be separated in two 
subcases. 

Case 6a: l)o is not reductive in Iq. Let H and L be the connected 
subgroups of G corresponding to f) and l . As G/H is unimodular 
and H is homomorphic to H , it follows that G/H and thus L /H is 
unimodular. By induction we find for every 1 < p < 00 an unbounded 
function / G L p (Lq/Hq)°°. As before in the case of H /H we extend / 
to a smooth vector in L P (G/H) (note that Pq/H — > Lq/Hq is a fibre 
bundle, and we first extend / to a function on Pq/H and then to a 
function on G/H). 

Case 6b: f)o is reductive in Iq. In particular it is a reductive Lie 
algebra, hence so is f}. In the Levi decomposition f) = s © r we now 
know that r is the center of h. Let u be the subalgebra of g generated 
by r and 6>(t), then 5 + u is a direct Lie algebra sum. Moreover, s + u is 
^-invariant, hence reductive in g, and hence in fact = g by our previous 
assumption on I). Thus s is an ideal in g which we may as well assume 
is 0. Now h = r is an abelian subalgebra which together with 8(t) 
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generates g. We shall reduce to the case where r is nilpotent in g, 
which we already treated in Section 15. 11 

Every element X G r has a Jordan decomposition X n + X s (in g), 
and we let Oi, 02 be the subalgebras generated by the A n 's and X s % 
respectively. Then = Oi ffi 02 is abelian and 02 consists of semisimple 
elements. The centralizer of 02 is reductive in g and contains r, hence 
equal to g. Hence 02 is central in g, and we may assume that it is 
^-stable. Let gi be the subalgebra of g generated by Oi and 9(oi). It 
is reductive in g, and (g±, Oi) is of the type already treated, hence not 
VAI. Since g = gi + o 2 we can now conclude that (g, t) = (g, f)) is not 
VAI either. 

Step 7: An element X G 3 ( lo ) - 

Using the result of Step 4, there exists X G 3(Io)\f) such that no C 
As before we set a t := exp(tA) and observe that a t z — > 00 in Z for 
\t\ — > 00 (this is because a t [L , L ]N tends to infinity in G/[L , L ]N .) 

Step 8: A decomposition p = li ffi f) © % 

We construct an ad X-invariant subspace ni C no such that f) + no = 
f) © ni, as follows. If no C (), then ni = {0}. Otherwise we choose an 
ad AT-eigenvector, say Y\, in no with largest possible eigenvalue, such 
that f) +MYi is a direct sum. If this sum contains no, we set ni = Wf\. 
Otherwise we continue that procedure until a complementary subspace 
is reached. Now l± © f) ©ni = po and by Step 6 we can assume ni C n . 

Step 9: We summarize the situation we have reduced to: 

• f) = txsisa Levi decomposition of f). 

• f) C po = no x lo, a maximal parabolic subalgebra of g. 

• s C lo, the Levi part of p . 

• li := pr^f))- 1 C lo with pr (() : p — > lo the projection along n . 

• po = li © f) © ni with li C l and ni C n . 

• X G 3(( ) and 

(1) n C fl +. 

(2) ni is invariant with respect to ad(A). 

(3) With at = exp(tA) we have a t zo — > 00 in Z for \t\ — > 00. 

We will construct (for any 1 < p < 00) a smooth function x i n 
L P (Z) which does not decay. For this we need some auxilary functions 
$ 4 which we now construct. 

Let no be the nilradical of the parabolic opposite to po and consider 
the ad A- invariant vector space 



:= n x (x x ni C g 
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which is complementary to P). For fixed t G K we define the differen- 
tiable map 

$ = : ->■ Z, 

by the formula 

Y°, Y + ) = exp(y-) exp(F°) exp(Y + )a t z . 

The main property which we need of these functions is expressed in 
the following lemma. For Y = (Y~ , Y°, Y + ) G we put 

y ±fl = exp(y ± '°) G G 

and y = y~y°y + , and we identify the tangent space T$ t r Y )Z with via 
the map 

T MY )Z^t>, dT yat (z )(X + t))^Tr v (X + t)), (leg) 
where n v : q — > is the projection along f). 

Lemma 5.4. For every sufficiently small compact neighborhood Q of 

in X>, there exist constants cq, Cq > such that 

cqe*> < sup | det d$ t (Y)\ < C Q e* (t < 0). 

In particular $ t |g is a chart for allt <0. 

The proof, which is computational, is postponed to the end of this 
section. The construction of the function \ is now easy to describe. 
Let Q C be as above. We fix a function ip G C^°(Q) with < ip < 1 
and ^(0) = 1. For all* < define Xt G Cf{Z) by Xt(z) = ip^iz)) 
and set 

x ■= ^nx-n- 

neN 

It is clear that x ^ C°°(Z) and that x is unbounded. We claim that 

x e w{z)°°. 

It follows immediately from the definition that Xt G L P (Z) for all 

1 < p < oo and t < 0, and it follows from the estimate of the differential 
of $ in Lemma [5.41 that \\xt\\p < Ce* 7//p for some C > not depending 
on t (but possibly on p). Hence 

X = 5> X „ n G 

neN 

for all 1 < p < oo, and it only remains to be seen that also the deriva- 
tives of x belong to L P (Z). The proof of this fact depends in addition on 
the following estimate, which will be proved together with Lemma \5. 41 
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Lemma 5.5. Define 

M t := sup || Ad(a t )7r D Ad(a t )~ 1 f/|| 

Ueg,\\U\\=l 

Then sup t<0 (M t ) < oo. 

We now complete the proof of the Proposition 15.11 by proving that 
the left derivatives of x by elements U G g, up to all orders, belong to 
L P {Z). 

We first show this for first order derivatives. Let U G g and consider 
the derivative L(U)xt- At z — &t{Y) this is given by 

L(U)xt{z) = d/ds\ s=0 Xt(exp(sU)ya t z ). 

For Y in a compact set, we can replace U by its conjugate by y without 
loss of generality, and thus we may as well consider the derivatives of 

Xt{y exp(sU)a t z ). 

We rewrite this as 

Xt(ya t exp(s Ad(ai) -1 £/)z ) 

and apply the projection along f). It follows that the derivative can be 
rewritten as 

d/ds\ s= oXt{yat exp ( sn v Ad (a t ) ~ 1 U) z ) 

and then finally also as 

d/ds\ s=0 xt(yexp(s Ad(a t )7r D kd(a t y l U)a t z ). 

Note that Ad(a t )n v Ad(a 4 )~ 1 ?7 G 0. We conclude that the derivative 
is a linear combination of derivatives of ip on Q, with coefficients that 
depend smoothly on Y. Furthermore, it follows from Lemma 15.51 that 
the coefficients are bounded for t < 0. As before we conclude L(U)xt G 
L P (Z) for all t < 0, with exponentially decaying p-norms. It follows 
that L(U) X G L p (Z). 

By repeating the argument for higher derivatives we finally see that 
X G L p (Z)°°. □ 

It remains to verify Lemmas 15.41 and 15.51 We first prove the latter. 

Proof of Lemma 15.51 For U G we have 

Ad(a t )ir Ad(a t ) -1 ^ = U, 

hence we may assume U G f). Since f) C po we can write U as a 
combination of an element Y G lo and possibly some ad ^-eigenvectors 
Y\ with eigenvalues A > 0. Then 

AdKr 1 ^ = y + e_A ^A = £/ + j>- a * - i)n 
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(possibly with an empty sum). If Y\ 6 ni then 

Ad(a i )vr t ,(e- Ai - 1)Y X = (1 - e xt )Y x Y x 

as t — > — oo. On the other hand it follows from the definition of tii, 
that if Y\ is not in rii then either it belongs to f) or it is a sum of an 
element from f) and some eigenvectors e ni with eigenvalues \i > A. 
Then 

Ad(a t )vr D (e- A ' - 1)Y A = £>V At - 1)^ 

(possibly with an empty sum), which stays bounded for t — > — oo. Our 
claim is thus established. □ 

To prepare the proof of Lemma [5741 we establish the following lemma. 
To simplify the main formula below we denote 

-i _ -adT 

for Teg. Note that /3(0) = 1. 

Lemma 5.6. Let Y — (Y~, Y°, Y + ) ev. 

(1) LetX = (X~,X ,X + ) e V, then d<$> t (Y)(X) e is given by 

d$ t (Y)(X) = 7r oAd(a t )- 1 (S Y , x ) 
where Sy,x £ is the element 
Ad(y y + )- 1 /3(F-)(X-) + Ad(y+)- l /3(Y°)(X°) + P(Y + )(X + ). 

(2) There exists a linear map L(Y) : D — > Q such that 

d$ t (Y) = Ad(a t )- 1 (1 B + Ad(a t )7r Ad(a t )- 1 L(Y)) 

for all t < 0, and such that \\L(Y)\\ -> for Y ->■ 0. 

Proof. We get for the differential of $: 

d$(F-,F ,F + )(X-,X ,X + ) =dr„- v o v+at (z ) oAd(a t )-\S Y>x ) 

with SV,v as above. Using the identification of the tangent space with 
this is exactly the statement of item (p~J). 

Defining L(Y) by L(Y)(X) = S Y ,x - X for X G t>, we obtain the 
expression in item ([21) . It is easily seen that ||L(Y) || — >■ for Y — )■ 0. □ 



Proof of Lemma 5.J^, Finally, it follows from Lemma I5"751 1 hat Ad(a t ) 1 1 B 



dominates in the expression in item ([2]) above, for 7 e D sufficiently 
small. Since ni is proper in n, we obtain Lemma [5.41 □ 
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5.3. Final remarks. 1. We did not address here the case where G is 
not reductive. One might expect for G and H algebraic and G general, 
that Z has VAI if and only if the nilradical of H is contained in the 
nilradical of G. 

2. The following may be an alternative approach to Theorem 11.31 
for algebraic groups G and H . To be more specific, assume G and 
H < G to be complex algebraic groups and Z = G/H to be unimodular 
and quasi-affine. Under these assumptions we expect that there is a 
rational G-module V, and an embedding Z — > V such that the invariant 
measure fiz, via pull-back, defines a tempered distribution on V. Note 
that if Z is of reductive type, then there exists a V such that the image 
of Z — > V is closed, and hence \iz defines a tempered distribution 
on V. If Z is not of reductive type, then by Matsushima's criterion 
([3], Thm. 3.5) all images Z — > V are non-closed and the expected 
embedding would imply that VAI does not hold. This is supported 
by a result of Deligne, established in [T3], which asserts that for a 
reductive group G and X G g := Lie(G) the invariant measure on the 
adjoint orbit Z := Ad(G)(X) C g defines a tempered distribution on 
g. Various particular results in the theory of prehomogeneous vector 
spaces provide additional support (see pQ). 
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